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Abstract 

D-branes in curved backgrounds can be treated with techniques of 
boundary conformal field theory. We discuss the influence of scalar 
condensates on such branes, i.e. perturbations of boundary conditions 
by marginal boundary operators. A general criterion is presented that 
guarantees a boundary perturbation to be truly marginal in all orders 
of perturbation theory. Our results on boundary deformations have 
several interesting applications which are sketched at the end of this 
note. 
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It was observed many years ago that low energy effective actions of (super-) 
string theories possess solitonic solutions. They are known as solitonic p- 
branes because of their localization along certain p + 1-dimensional surfaces 
in the string-background. Later, Polchinski discovered a remarkable cor- 
respondence between such solitonic p-branes and Dp-branes, i.e. boundary 
conditions for open strings (for a review see Q). This makes it possible 
to study branes through the 'microscopic' techniques of boundary confor- 
mal field theory. The latter are particularly effective in dealing with curved 
backgrounds and they have also been successfully applied to study non-BPS 
branes. 

We consider conformal field theories on the upper half of the complex plane. 
Any such theory contains two different kinds of fields, namely bulk fields 
<f)(z, z) (i.e. 'closed string vertex operators') which are defined for points in 
the interior Imz > of the upper half-plane and boundary fields ip(x) (i.e. 
'open string vertex operators') that are inserted along the boundary Im z = 0. 
Operator product expansions (OPEs) of the former specify the background 
of our string theory. Even if we do not allow for changes of these bulk 
OPEs there remains some freedom to choose different boundary conditions. 
Roughly speaking, this corresponds to the freedom of placing D-branes in a 
fixed background. A somewhat axiomatic characterization of the admissible 
boundary theories can be found e.g. in [Q. 

The problem of constructing boundary theories possesses some universal so- 
lutions in terms of the modular S-matrix, which were found by Cardy in 
||. They provide at least a finite set of boundary conformal field theories 
(D-branes) for a large class of backgrounds. On the other hand the relation 
with solitonic p-branes suggests the existence of continuous families of so- 
lutions. We shall explain below how such families may be recovered from 
a discrete set of boundary CFTs. The idea is to generate continuous de- 
formations through perturbations with marginal boundary fields. Since the 
boundary operator content depends on the boundary condition, the number 
of possible deformations will depend on the boundary theory we start with. 

Suppose we are given a set of correlation functions of some boundary con- 
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formal field theory. We want to perturb this initial theory by one of its 
boundary fields ip(x) according to the formal prescription 

( <fi{zx, zi)-' ¥n(zn, z n ) )av> = Z~ l ■ ( (fi(zi, zi)--- <p N (z N , z n ) ) 

'= rl E^[E / 2----^-r(^(l))---^cr(n)) <Pi-~<Pn) 

n ' a£S n J J 

x a(i) < x cr(i + l) 

where A is a real parameter. The symbol in the first line should be under- 
stood as a path ordered exponential of the perturbing operator, 

r°° dx 

I M = Pexp{A^} := Pexp{A / ^(x) — } . (1) 

The normalization Z is defined as the expectation value Z ~ These 
expressions deal with deformations of bulk correlators only. If there are extra 
boundary fields present in the correlation function, the formulas need to be 
modified in an obvious fashion so that these boundary fields are included 
in the "path ordering". Some particularly simple cases of this type will 
be discussed shortly. The path ordering is essential since correlations of 
boundary fields are only defined for an ordered set of insertion points along 
the real line. Their analytic continuation beyond this domain is not unique, 
in general. 

To make sense of the above expressions (beyond the formal level), it is nec- 
essary to regularize the integrals (introducing UV- and IR-cutoffs) and to 
renormalize couplings and fields (for an introduction into bulk perturbations 
in 2D conformal field theories see e.g. [|J). IR divergences can be cured 
by putting the system into a "finite box". On the other hand, we have to 
deal with UV divergences. So, let us introduce a UV cutoff e such that the 
integrations are restricted to the region |x, — Xj\ > e. Thereby, all integrals 
become UV-finite before we perform the limit e — ► 0. 

In the following, we consider marginal boundary deformations where the 
conformal dimension h of the perturbing operator if)(x) is h — 1 so that 
there is a chance to stay at the conformal point for arbitrary values of A. Of 
course, the dimension of the field ip may decrease upon perturbation to values 
h < 1. In such cases, the perturbation with ip(x) is said to be marginally 
relevant and the perturbed theories are no longer scale invariant. Here we are 
interested in a condition which guarantees that ip(x) is truly marginal, i.e. 
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that the dimension of if)(x) stays at its initial value h = 1. Perturbations with 
truly marginal fields then lead to a one-parameter family of scale invariant 
theories. 

It was shown in || that ip(x) is truly marginal provided that it is a self-local 
field of conformal dimension h — 1. The condition of self-locality requires i/j 
to obey 

ip(x) ip(y) = ip(y) ip(x) for x < y . 

Here we assumed that the right hand side can be unambiguously defined by 
analytic continuation. 

Let us briefly sketch the main idea behind this result. Because of its self- 
locality, ip(x) behaves like a connection in an abelian gauge theory so that we 
may employ the usual arguments to omit the path-ordering in our construc- 
tion of the deformed correlators. Consequently, all integrals can be performed 
along the whole real axis. The cutoff e together with the normalization by Z 
results in a small shift of the integration contour into the upper half-plane. 
Since these contour integrals do no longer depend on the cutoff, the limit 
e — > becomes trivial, i.e. 

• • -p N (z N ,z N ) ) Al/) = lim (<^i(zi,zi) • • • (f N {zN, zn) )L> ( 2 ) 

e— >0 r 

EX n f f dx\ dx n . , . , / \ \ 

where 7 P is the straight line parallel to the real axis with Im7 P = ie/p. The 
expression on the right hand side is manifestly finite and is independent of 
e as long as e < min(Imz;) where z% denote the insertion points of bulk 
fields. Thus, the above formula allows us to construct the perturbed bulk 
correlators to all orders in perturbation theory. 

The extension of these ideas to the deformation of correlators which involve 
boundary fields ipi, . . . ,ipN is straightforward if and only if the boundary 
fields ipij . . . , ipM are local with respect to the perturbing field tp, i.e. iff 

ip(x) ipi(y) = ipi(y) ip(x) for x < y . 

This usually places a strong constraint on boundary fields. But if it is sat- 
isfied, the (renormalized) correlation functions are again obtained through 
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contour integration formulas very similar to the eqs. (0) (see [0] for details). 
The explicit expressions imply in particular that the conformal dimension of 
a boundary field if>'(x) is not changed upon deformation provided that if)' is 
local with respect to if). 

The preceding statement has a number of nice consequences. First of all it 
certainly allows us to understand that non-locality is the only obstruction to 
true marginality. Indeed, with the choice if)' = if} our result implies that the 
dimension of the perturbing self- local field if) sticks to its initial value h — 1, 
i.e. that if) is truly marginal. 

Whenever we have several self-local boundary fields which are all local with 
respect to each other, they generate a multi-parameter deformation of the 
initial boundary theory. At first sight, this may seem to result in very trivial 
moduli spaces. However, it may happen that certain important properties of 
the boundary conformal field theory (e.g. the cluster property) break down 
at some finite value of the perturbation parameter A Q: Admissible defor- 
mations form a subspace Q C M 9 . The moduli space Ai we assign to our 
initial boundary condition is obtained from Q upon identification of equiva- 
lent boundary theories, i.e. M. = Q/ ~. Here, equivalence must be tested by 
closed string exchange between different branes, as explained in 0. 

Moduli spaces of DO-branes are expected to probe the background geometry, 
i.e. they provide a way of recovering the background from the purely algebraic 
CFT description. A number of explicit examples are discussed in [[J. The 
resulting geometry, however, is not unique due to the freedom one has in 
declaring a given boundary condition a DO-brane. Such choices may be 
understood as a consequence of T-duality (or mirror symmetry). 

For boundary conditions in Gepner models |3j (i.e. D-branes on certain com- 
plete intersection Calabi Yau spaces), the moduli spaces M. should come 
equipped with additional Kahler structures much as their cousins in algebraic 
geometry (see e.g. ||) but this and other predictions of algebraic geometry 
remain to be investigated in more detail. 

To state another corollary of our main result we consider N identical branes 
placed on top of each other. Within the CFT framework this means that 
we multiply all boundary fields with Chan-Paton matrices, as usual. Thus, 
instead of perturbing our theories with Xif), we generate perturbations by Aif) 
where A is now some N x N matrix. A single self-local boundary field if) can 
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be combined with several different matrix parameters Aj. This gives rise to 
a multi-parameter deformation provided that the matrices Aj commute, 

[A,, A,] = . (3) 

We conclude that any self-local boundary field can generate an N-parameter 
deformation. In the case of D-branes on M. D , this fact was first observed by 
Witten J7|. The N parameters are then interpreted as distances between the 
N branes in a fixed direction transverse to their world-volume. In the present 
context, equation @ makes a rather general statement about flat directions 
of the brane's low enery effective action in curved backgrounds. 

Deformations can have rather drastic effects on the geometry - and in partic- 
ular on the 'dimension' - of branes 0. For a compactified bosonic theory at 
the self-dual radius there exist boundary deformations that continuously de- 
form Neumann- into Dirichlet-type boundary conditions. This phenomenon 
extends to other radii by means of radius-changing bulk deformations. Circle 
theories at rational radii possess additional tachyon condensates which are 
even capable of transforming Neumann-type branes into a superposition of 
Dirichlet-type branes and vice versa [Q] (see also the recent work of Sen 

Let us finally mention that our formula (|2]), and its appropriate generalization 
in the presence of boundary fields, provide a powerful tool in computing the 
deformed theory explicitly. They might be quite useful in studying certain 
bound states of D-branes. Related calculations by Sen (see || and references 
therein) were argued in || to support the idea of classifying D-branes through 
an appropriate K-theory of the background. 
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